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I
Propagation on Modulated Corrugated Rods*

I by C. Co Wang* and E. T. Kornhauser

Division of Engineering, Brown University

Providence 12, Rhode Island

I
Abstract

The velocity of surface-wave propagation on two types of axially

modulated corrugated rods has been measured experimentally. Type A has a

constant outer diameter and sinusoidally varying slot depth, while in type B

I the slot depth varies in virtue of a modulated outer diameter. In both

3 cases the measured phase velocity is about ten percent less than that for a

uniformly corrugated rod with the average slot depth and outer diameter,

5 but agrees within two percent over the frequency range used with the value

calculated from an analysis based on the Mathiei equation.

I. Introduction

Interest in the properties of modulated surface-wave structures stems

from their application as end-fire an.er.aE 1. Further work has indicated

the possibility of producing radiation in other desired directions 2 , and

most recently a technique has been presented for designing the modulations

of a plane corragated surface so as to suwpport several slow waves simulta-

neously.
3

The analysis of the radiation characteristics of finite lengths of

such structures has been based on the surface-wave propagation properties

This work is part of a thesis submitted by one of the authors CC. C. W.]

to Brown University for the M.Sc. degree.
t Now at Jet Propulsion Labo, Cal. Inst. of Tech., Pasadena, Cal.
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2

of the infinitely long structure. To that end experiments were performed

on two types of corrugated cylinders, which are the most useful configuration,

for practical application, and their surface-wave phase velocity measured as

a function of frequency. The infinitely long structure was simulated by the

use of parallel reflecting planes at each end.

Structure A, shown in figure (1), is a cylinder with constant outer

diameter of 0.85", whose inner diameter (at the bottom of the slots) varies

sinusoidally in the axial direction between 04" and 0.85". The average

inner diameter is thus 0.625" and the average slot depth 0.1125". The width

of each slot is .05", and their spacing is 0.1". The structure was

constructed by stacking brass washers of .05" thickness and various diameters

on a steel rod 0.2" in diameter with sufficient axial wressure to insure good

electrical contact between washers. The axial period of the modulation is

1.2", and the whole structure is about 11" long.

Structure B, shown in figure (2) mounted between its reflecting end

plates, was constructed in a similar manner, but had a constant inner

diameter of 0.4" and an outer diameter varying sinusoidally over the same

0.4 - 0.85" range. The slot width is the same as in A, but the slot

spacing is 0.15"s so that the modulation period is 1.8", and the total

length is about 14".

II. Experimental Measurements.

The phase velocity of the surface wave propagating on infinite lengths

of the two structures described in section I was measured by determining the

wavelength of the standing wave on the structures when mounted between

AF 4561/12
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parallel reflecting planes. The reflectors were circular aluminua plates,

3 about 18" in diameter, accurately alligned parallel to each other and

perpendicular to the axis of the rods by means of the adjustable supports

I shown in figure (2). The planes were located at either a minimum or

1 maximum slot depth so as to preserve the periodicity of the structure and

its image.

3] Energy from a Varian X-13 reflex klystron was introduced at one end by

means of a coaxial line coupled through a small hole in the center of the

i circular plate. The frequency was varied over a range from about 8.3 to

i-9.7 kmc. and measured by means of a cavity wavemeter. The wavelength of

the resulting standing-wave pattern was determined from the average distance

3 between minima when the structure was in resonance. The minima were located

with a loop-type probe mounted on a travelling carriage, as shown in fig-

i ure (3), so as to traverse a path parallel to and about 3 cm. away from the

rod axis.

The results of these measurements as a function of free-space wavelength

are shown on figure (4), where it may be seen that they are in good agreement

with the results of the analysis to be described in the following section.

III. Analysis.

The theory of uniform corrugated rods has been examined in considerable

detailh,5 and also checked experimentally. 6 '7 If one may assume that the

corrugations of the structures investigated here vary slowly enough relative

to the wavelength, the propagation should be described by an equation of the

form

i

3 AF 4561/12
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az2 +

where v is a periodic function of z whose value at any point may be
p

obtained by inserting the inner and outer diameters at that point into the

formulae of references (4) or (5). Such a formula for the circularly

symmetric TM wave is given as 4

J J1(P0a)N o( 0b) -N(poa)Joofpb) w po K,(Ya)
1J 0(poa)Noop0b) - No(poa)Jo(pob) 5 K 0 K(a) °

where Po = 2rAo , a and b are the outer and inner diameters respectively,

is the slot spacing, w is the slot width, yp2 - , and

S- 2t/- =w/V , where X is the guide wavelength. Since a or b are
p

sinusoidally varying functions of z in structures A and B , the resulting

values of P , and hence 1/Vp2 , will be periodic functions of z also,

although not simply sinusoidal. Let

p 0 1 C2 d
F 1)=/v 2=0o +0 2i+02 cos--+. .. ,()

where d is the axial period of the modulation, so that equation (1) takes

the form

a 2• * 2 F~z) =0 (4)az2•

where F(z) is periodic with period d . Equation (4) is Hill'sequation,

which reduces to the one-dimensional wave equation when only the first term

in (3) is retained and to the Mathieu equation when only the first two terms

are retained.

AF 4561/12
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I
The crudest approximation one can make in equation (4) is to assume

F(z) is a constant equal to the value of I/Vp2 at the average value of

outer diameter and slot depth. The resulting values of v p/ were cal-

culated from equation (2) as a function of k° and are shown by the dashed

3 curves in figure (4). It may be seen that these curves are about ten per-

cent higher than the experimental points. This discrepancy is not surprising

3 when one considers that the amplitude of the modulation in these rods was

quite large and that the minimum value of v (z) deviates considerably more

I from the value for the average diameter than does the maximum, as indicated

5 in figure (5).

The form of F(z) shown in figure (5) suggests that a reasonable fit

to F(z) could be made with the first three terms of the Fourier series as

in equation (3). An approximate evaluation of the three coefficients CO ,

I C , and C2 can be made with only the three values of F(z) at its
12

Smaximum, its minimum, and at a point halfway between them. The equations

relating the coefficients to these values are then

max Co +,+C2

3Z F ,/2  0C 02 (o)

F& C0 -C +0C
min o 1 2 2

from which one obtains

1 F 12+ 1-(Fm + Fmi)

-F (6)1 2 max man

AF 4561/12
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The approximate curve resulting from the use of these three terms is shown

3 also in figure (5) for the case depicted there. It is of course possible

to use C as a better average value of F(z) and to calculate the phase

velocity for the structure from it, as in the preceeding paragraph, but

3 these values, while closer to the experimental points, are still considerably

in error. A better approximation is obtained by retaining the first two

terms of the expansion, C and C1 , so that equation (4) becomes the

Mathieu equation.

If one reduces the periodicity from d to yr by letting f = s/d

3 and furthermore sets

T= 0)2 d2 Co0l/t(2

Sy - ?d2 _-%/f2 ,

I the equation of propagation takes the form

3 d2ud (n + (Y cos2t) u=O , (8)

which is the form of the Mathieu equation as discussed by Brillouin.8 This

3 equation has solutions of the form

u(Q) = A(t) Simc (9)

where A(t) is a periodic function with period v , and m is the desired

I propagation constant. For cert.in ranges of the parameters T'r and y the

3 value of m is real, corresponding to unattenuated propagating waves. These

regions are indicated by the shaded portions of the n - T plane shown in
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figure (6). The unshaded portions correspond to complex values of m , and

3 for these values of the parameters no propagating wave is possible. The

values of m on each of the boundary lines between the pass and stop regions

3 are integers and are indicated on the curves. To find the value of m for

3 points lying within the shaded regions one must interpolate between the

integral values on either side of the region, since the computation of m for

I arbitrary - and y is too difficult. The values of i and y for the

boundary lines, corresponding to integral m , however, may be obtained from

5 N.B.S. tables9 . Clearly for small values of y , m is given simply by

SVT- , which is also obvious from equation (8). The values of r involved

in the present investigation are, however, in the range from T)/2 to 71

3 and the corresponding deviation of m from V71 is quite significant.

Having determined the value of m by interpolation from figure (6),

I one can finally calculate the guide wavelength X from

I X = 2d/m ,

3 and v/c = X = 2d/mX " (10)

The calculations outlined in the preceeding paragraphs have been carried

out for two values of X for each of the two structures,'and the results

3 are shown in table (I) as well as plotted on figure (4). It may be seen that

the final results of this calculation agree with the experimental points to

3 within about two percent over the frequency range in which the calculations

were performed. Durther refinement is not warrented by the experimental data,

and in any case a calculation from Hill's equation using a greater number of

3 terms in the Fourier series for F(z) becomes too difficult.

4
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U IV. Conclusions.

3- From the agreement between the theoretical curve and the experimental

points on figure (4) one can conclude that the analysis of these modulated

- surface-wave structures by means of a Mathieu equation is fairly accurate,

in spite of the rather wide slots in these structures, the crudeness of the

approximation to F(z), and the fact that d and X were of the same order

3 of magnitude. One notes, as is to be expected, that the agreement is better

in those cases where the modulation is less severe, but even where F(z) varies

Sover a four-to-one range, the result is not greatly in error.

Concerning the properties of modulated corrugated rods in general, one

notes that v is more nearly independent of frequency than for a uniform
p

rod. The tendency of v to decrease with decreasing wavelength is compen-

sated by the fact that Co moves closer to the minimum of F(z) as the

3 form of F(z) becomes more peaked. On the other hand the effect of increasing
the modulation, and hence C1 , for a given C , in the range of parameters

Im
used here is to decrease m , or increase vp , but this is not universally

3_ true nor is it the dominant effect here, There is also very little dif-

ference between structures A and B with respect to dispersion.

3 Finally with more extensive observation over the possible range of q

and Y , one should be able to demonstrate the existence of the stop bands

predicted in figure (6), but no such effect was observed in the experiments

3 performed here.

I
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FIG I STRUCTURE A

I

I

FIG. 2 STRUCTURE B MOUNTED FIG. 3 WAVELENGTH MEASUREMENT,
BETWEEN REFLECTING PLATES SHOWING COAXIAL FEED, PROBE, AND

CARRIAGE
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